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There have been in the past some efforts to find sufficient conditions for an [a, b] r -compact space to be [a, b] -compact.
In 1929, Alexandroff and Urysohn [2] , established the following theorem: 
Main result
Before we proceed we will need the following definitions:
Definition 2.1. Let X be a set and U be a cover of X . A refinement V of U is a cover of X such that, for every V ∈ V there exists U ∈ U such that V ⊂ U . 
Notation. Throughout this paper we will use the notation: Let U be a cover of X. Then for every
The following two lemmas are needed for the proof of the main theorem: 
is an open cover of X , with |V| = k, and has a subcover V of cardinality 
U be an open cover of X with |U | = k, and U has no subcover of smaller cardinality. By the hypothesis U has an open refinement V, where V is star-k. Then V has no subcover of cardinality less than k.
Step 1: We may assume that V has a subcover of cardinality k, for if it did not, then setting ξ = k + and W = V, the hypothesis of Lemma 2.2 is satisfied. Taking λ = a the lemma says that there is an open cover of X of cardinality a with no subcover of cardinality less than a. Since a is regular, this contradicts that X is [a, b] r -compact. By passing to this subcover of cardinality k we may assume that |V| = k.
Step 2: Since k is singular, let μ = cf (k) and let {λ α : α < μ} be an increasing sequence of cardinals such that k = α<μ λ α . Since a < k we may as well assume that λ 0 = a. In view of Lemma 2.1, we have μ < a. Write
Step 3:
Note further that V = {V α ∩ A α : α < μ} because both V α 's and A α 's are increasing.
Step 4: For α < μ the family
satisfies two properties: (i) it covers X , and (ii) it has cardinality at most λ α < μ since there are at most λ α many W ∈ V α ∩ A α and each such W intersects at most λ α sets in V.
Step 5: By [a, b] r -compactness and definition of k as "smallest", the open cover in Step 4 has a subcover of cardinality less than a; call it W α . Put W α = W α \{O α }. Then W α covers {V α ∩ A α }.
Step 6: α<μ W α covers X .
Step 7: | α<μ W α | < a. This follows because a is regular, |W α | < a for all α < a and μ < a.
Step 8: Since α<μ W α ⊂ V, we see that V has a subcover of cardinality less than a and since V is a refinement of U , so does U . But this contradicts the original assumption about U , and that completes the proof. Thus X is [a, b]-compact.
The proof of the theorem is complete. 2
